ABSTRACT: This article presents the numerical solution of two dimensional fluid flow problem using multigrid method (MGM) full approximation scheme (FAS). Laminar flow in a square cavity with a moving wall is calculated for different Reynolds number on a fine uniform grid of 513 ×513. The finite volume method through the concepts of colocated grid and SIMPLEC algorithm has been applied. The method is fully conservative and uses higher order schemes (QUICK scheme) for convective fluxes and second order central differencing for diffusion fluxes. The numerical solutions of 2D incompressible flow in a driven cavity are presented. The multigrid implementation is documented in detail. The steady driven cavity solutions are computed for Re ≤ 10000 with maximum absolute residual less than 10 -8 . Detailed results are presented and the percentage deviation of midplane velocity from the established results is also calculated.
INTRODUCTION
The lid-driven cavity flow problem has been investigated by many researchers because it contains a rich fluid flow physics manifested by boundary layer on the wall and multiple counterrotating recirculation regions in the corners of the cavity based upon the Reynolds number (Re). Even though it is solved by many researchers, their results deviate from each other for Re ≥ 1000. These deviations are due to the type of discretization scheme, number of cells and method of solving used. In order to achieve an accurate solution, a very fine grid combined with higher order discretization scheme using SIMPLEC method is applied, for which a singlegrid method exhibits a poor convergence behavior. Multigrid methods are more suitable for such system because of their ability to give grid independent convergence rates as the number of grid points is increased to large values in a fixed domain. There are two broad categories of multigrid method: correction schemes (CS) and full approximation schemes (FAS). The correction scheme is applicable to linear systems only. It operates with corrections to the solution on coarse grids, which are eventually added to the absolute fine-grid solution. A full approximation scheme solves non-linear equations for approximations to the solution rather than for correction schemes. Sivaloganathan and Shaw (1988) adopted the full approximation multigrid method and achieved a large reduction in CPU time. They used a staggered grid arrangement, in which gridcoarsening process was difficult because of the use of three different sets of cells. Hence a colocated grid layout (Rhie and Chow, 1983) to eliminate pressure wiggles is used in the present work. Discussion of the relative merits between the two types of grid layout can be found in Peric, Kessler and Scheuerer (1998) . Hortmann and Peric (1990) and Lien and Leschziner (1994) used full approximation scheme with colocated finite volume method and showed a dramatic accelerations in convergence over a single-grid method. A few researchers (Sathyamurthy and Patankar, 1994 ; Karki, Sathyamurthy and Patankar, 1996; Lilek, Muzaferija and Peric, 1997; Cornelius, Volgmann and Stoff, 1999) have carried out simulations of the cubical cavity flow using multigrid method The available results indicate that multigrid based solution procedure requires less computing time compared to singlegrid method. In the present work, the algorithm of FAS multigrid method is documented and using this method a fine-grid solution for a lid-driven cavity problem is obtained. The main purpose is to gather extensive numerical results for Re ≤ 10000, hoping that these results could serve as benchmark. The study has been conducted for a range of Reynolds numbers, and quantitative comparisons with the results available from the published literature are drawn.
NUMERICAL METHODS
The present problem of lid-driven in a squarecavity is numerically solved using the full approximation storage multigrid method. The governing equations are discretized on a colocated grid arrangement using the finite volume method. The Quadratic Upwind Interpolation for Convective Kinematics (QUICK) scheme is employed for the convective terms in the momentum equations. The convergence criterion used here requires that the mass residual should be less than 10 -8 . The nondimensional equations governing the conservation of mass and momentum can be written as follows: Therefore, the general equation can be written as
where φ = dependent variable, Γ φ = diffusion coefficient and S = source term. In Eq. (4), terms on the left represent the net convection flow. The two terms on the right represent the net diffusion and the last term the source generation. The mass conservation is obtained by setting
Similarly, the momentum equation in the x direction is obtained when
Discretization method
The flow governing equations are discretized based on finite volume co-located method. In this method the calculation domain is divided into a number of non-overlapping control volumes such that there is one control volume surrounding each grid point. The differential equation is integrated over each control volume yielding a discretised equation at each nodal point. The convective fluxes at the interface are computed by using the QUICK scheme and central differences for the diffusive cell-face fluxes. The QUICK scheme was first given by Leonard (1979) . It uses the quadratic interpolation between two upstream neighbours and one down stream neighbour in order to evaluate the value of φ at the control volume interface. The value of φ at the east face of the control volume (see Fig. 1 ) is given by the quadratic interpolation. 
Therefore the convective flux term can be summarized as 
The QUICK scheme is not applicable to the nearest boundary points because some points cross the physical domain. So to the nearest boundary points, central difference scheme is used for calculating the variable φ .
DESCRIPTION OF MULTIGRID ALGORITHM
The multigrid method is one of the most efficient general iterative methods. Unlike other iterative methods, multigrid algorithms order convergence rates that are independent of the number of grid points. The multigrid method adopted in this work is the Full Approximation Scheme (FAS) which has been described in detail in literature (Sivaloganathan and Shaw, 1988; Lien and Leschziner, 1994) and hence the present description of the multigrid FAS process will be brief. The flow governing equations are discretized based on the finite volume colocated method. The convection fluxes at the interface are computed by using the QUICK scheme and central differences for diffusive cell-face fluxes, leading to a weighted average formula of the form
where nb denotes neighbours of the node P involved in the interpolation polynomials, and φ stands for momentum components. To solve the coupled system, a SIMPLEC algorithm (Doormaal and Raithby, 1984) , modified in such a manner so as to implicitly account for the effects of the anisotropic coefficients, is used as a smoothing scheme for multigrid method. The present multigrid method, applied to a two-grid system, commences by performing a few finite volume iterations using the SIMPLEC algorithm on the finest grid having a mesh size h. The same procedure of colocated finite volume method is followed on the fine grid. Then, the unconverged momentum equations having residuals R u and R v can be expressed as
In order to obtain the converged solutions, the corrections for velocity components and pressure are introduced, namely (12) so that residual R u vanishes,
Subtracting Eq. (10) from Eq. (13) yields * * * * * * * ( )
The analogous equation for v arises as * * * * * * * ( )
Eq. (14) and Eq. (15) serve as the basis for deriving the coarse-grid equation. Now assemble the above equations for u, v on the coarse grid whose solutions are v u,
Eqs. (16) and (17) . It is noted that pressure correction equation is linear in pressure and therefore, no restriction of pressure from fine to coarse grid is needed. Now, the SIMPLEC smoothing scheme applied to the coarse grid equations is summarized. This sequence involves the following steps:
1. The initial state is:
2. Perform a few iterations on the coarse-grid momentum equations.
3. The cell-face velocities are corrected by means of the following relations, applicable to the east and north faces of the volume cell, respectively: 
The terms in the Eqs. (19) and (20) with overbars are simply arithmetic averages of values of the nodes adjacent to the appropriate faces (P and E or P and N) and also they reflect the conventional Rhie and Chow (1983) interpolation strategy required to secure freedom from odd-even oscillations in a colocated framework. Analogous expressions for the west and south faces can be derived in a similar manner. The mass residuals of coarse grid based on these face velocities are calculated.
4. The face-velocity corrections (denoted by double primes) are derived from truncated versions of Eq. (19) and Eq. (20) ( ) 23) is solved, and the related pressure and face velocity corrections are updated using correction equations (21) and (22).
7. The algorithm returns to step 2 to terminate one outer relaxation sweep.
After performing v H relaxation sweeps with the initial quantities φ , the coarse-grid solution is obtained. Therefore the coarse grid correction can be calculated by
The coarse-grid corrections are interpolated back (prolongated) to the fine grid to adjust the finegrid solutions. This is followed by v h smoothing iterations designed to eliminate any high-frequency error components introduced by the prolongation process. (26) and added to the previous intermediate approximations
where λ is an under relaxation factor, 0 ≤ λ ≤ 1. Since the updated solutions on the fine grid will still not, in general, be converged, it is necessary to repeat the above two-level cycle until full convergence is achieved.
Restriction
Transfer of variables from the fine-grid to the next level of the coarser-grid is termed restriction and the corresponding operator is denoted by , with f and c denoting fine and coarse, respectively. In a cell centre finite volume algorithm no nodes on the fine-grid ever coincide with those of the coarse-grid whether staggered or colocated and therefore, the transfer of variables from the fineto the coarse-grid has to be performed by interpolation. The transfer of residuals requires no interpolation because the coarse-grid balance equation is equal to the sum of the four balance equations for the corresponding fine-grid control volume. The arrangement of variables is shown in Fig. 2 and divided into three regions: a-inner region, b-west boundary and c-north-west corner. Thus the restriction operator can be expressed as
For example, for the inner region away from the boundaries,
while for the west boundary,
and for the north-west corner,
The above equations represent bilinear interpolation formulae. The restriction operator pertaining to the residuals is
where . 
Prolongation
The transfer of variables from the coarse-to the fine-grid level is termed prolongation and the corresponding operator is denoted by through which the corrections obtained from the coarse-grid solutions are passed to the finer-grid to update the solution on it. The 2D computational domain can be divided into three parts: A-the inner region, B-the boundary strips and C-the boundary corners (Fig. 3) . The nature of the prolongation operator depends on the region under consideration and each region has its own prolongation operator and can be expressed as 
APPLICATION TO LID-DRIVEN CAVITY PROBLEM
The multigrid FAS algorithm described above has been implemented to solve the lid-driven cavity problem. The driven cavity is the prototypical recirculation flow and has long been used as a standard test problem for Navier-Stoke solvers.
Flow is set up in a square cavity with three stationary walls and a top lid that moves to the right with constant speed (u = 1). The boundary condition and schematics of the vortices generated in a driven cavity flow are shown in Fig. 4 . The letters T, B, L and R denote the top, bottom, left and right of the cavity, and the numbers denote the hierarchy of secondary vortices appear in the flow. There are many numerical methods applied to this problem which yield same result for Re ≤ 1000; however, the results start to deviate from each other for higher Re (Hou et al., 1995) . This is an incentive to study this problem and attempt to give some illuminative results. The test problem has been solved using the FAS multigrid method with the SIMPLEC algorithm as a smoother, and TDMA solver over a range of Reynolds number from 1000 to 10000. 
RESULTS AND DISCUSSIONS
Streamline contours for various Reynolds numbers on 513 × 513 grids are shown in Fig. 5 through 7. These streamline patterns exhibit the formation of counter-rotating secondary vortices which appears as the Reynolds number increases. A magnified view of the various secondary vortices is also included. An interesting point is that a tertiary vortex is clearly visible for Re = 1000 (see Fig. 5 ), indeed, on coarse grids (129 × 129 grids) there is no appearance of this vortex at the bottom right and bottom left corners of the cavity. This shows that finer grids would resolve the corner vortices better. The augmentation of these tertiary vortices with increase in Reynolds number is also shown in Figs. 6 and 7. Figure 8 clearly shows the thinning of the wall boundary layers with increase in Re, although the rate of this thinning is very slow for Re ≥ 5000. From these profiles, it is seen that changes in u and v velocities are almost linear in the core of a primary vortex as Re increases. This would indicate that in this region the vorticity is uniform. Table 8 , the present results are coherent with the results in Bruneau and Saad (2006) . For all these results until Re = 7500, the grid convergence is achieved to a tolerance of 10 -8 . At Re = 10,000, there is no convergence of the residual below 10 -3 (see Fig. 11 ) and the residual history shows that the solution is periodic in nature. Initially there is a small tertiary vortex at the bottom left corner at Re = 5000, and this eddy grows in size up to Re = 7500. Also a quaternary vortex begins to appear in the bottom right corner at this Reynolds number. From this it is conjectured that these eddies play a significant role to make the flow unstable. Many studies (Bruneau and Fig. 12(b) . The secondary vortices slightly deform the primary vortex, indeed, the primary vortex is still attached to the three walls of the cavity but the secondary vortices in the bottom left corner are unstable. Finally the left bottom secondary vortices split into two pieces (see Fig. 12(b) ) where the primary vortex still remains stable. Therefore the velocity distribution in the primary vortex is fairly linear and hence the centreline velocities are in accordance with the results found in Ghia, Ghia and Shin (1982) and Erturk, Corke and Gokcol (2005) (see Fig. 13 ). The performance of the multigrid method used for the present computations is described. Expectedly the multigrid full approximation scheme shows a faster convergence. All the results presented in this paper were performed using the V-cycle (Fig. 14) . Tests were conducted on both 2-level and 4-level V-cycles and increasing the level further did not pay additional dividend. The number of iterations performed at each grid level is shown inside the circles (Fig. 14) . The computational effort is reported in terms of equivalent fine-grid sweeps that are usually referred to as work units. Fig. 15 presents the history of mass residual on a 129 × 129 grid as a function of the number of work units 1-, 2-and 4-level computations for various Reynolds numbers. The number of iteration required increases with increase in Reynolds number. A 4-level multigrid cycle shows better convergence than a 2-level multigrid cycle. Fig. 15 shows that in the singlegrid the residuals fall faster at the beginning and slow down thereafter whereas in the multigrid method the residual falls at a more or less constant rate. 
CONCLUSIONS
Fine mesh solutions have been obtained very efficiently using the full approximation scheme multigrid method. The solutions computed in this work exhibit a very good representation of secondary and tertiary vortices for Re ≤ 7500, for which the solutions are stable and become unstable for the steady model with Re = 10000 on the fine grid of 513 × 513 when small eddies are developed along the walls in the corner. The main conclusion drawn is that it is possible to obtain solutions with higher order discretization on a very fine grid by using multigrid technique. 
